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Abstract

Anderson and Belnap [1975] presented a Fitch natural deduction
system, FE, for their logic E of entailment as well as Fitch systems
for the relevant logics T and R. The system FE is obtained from the
system for R through a restriction on the rule of reiteration. Brady
[1984] presents Fitch systems for a range of relevant logics, none of
which uses a restriction on the rule of reiteration. However, no Fitch
system for E was presented. We fill this lacuna by providing two
Fitch systems for E, neither of which uses a restriction on the rule
of reiteration. We close by discussing their differences and possible
connections to other extant systems for E.

In Entailment, Anderson and Belnap provided a Fitch natural deduction
system, FE, for their logic E of entailment.1 The system combined the rel-
evance restriction of R with the modal restriction of S4.2 The former was
implemented via the use of indices on formulas while the latter was imple-
mented via a restriction on the rule of reiteration. A related relevant logic,
T, was similarly obtained via a restriction on reiteration and a condition on
the indices.3

Brady [1984] provided Fitch natural deduction systems for a range of rel-
evant logics, including T and R. Brady’s systems do not have any restrictions
on the rule of reiteration. There is not, however, a system for E. The pur-
pose of this paper is to provide two natural deduction systems for E, neither
with a restriction on the rule of reiteration, filling out the range of systems

1Anderson and Belnap [1975, 23] presents the system for the arrow fragment, with the
system for the language with negation, conjunction, and disjunction presented on p. 347.

2Anderson and Belnap [1975, 23]
3For accessible overviews of relevant logic, see Dunn and Restall [2002] or Bimbó [2006].
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presented by Brady [1984], and to briefly discuss their differences. The first
system is closer in spirit to the Hilbert axiomatization of E provided by Fine
[1974] and Routley et al. [1982], in which a rule is added to the axiomati-
zation of T. The second system is closer to the Fitch system presented by
Anderson and Belnap. In §1, we present Anderson and Belnap’s Hilbert-style
axiomatization for E, along with their Fitch system for E, as well as another
Hilbert-style axiomatization. In §3, we present two Fitch systems for E and
show how they agree on theorems with the Hilbert-style systems of §1. Fi-
nally, in §4 we comment upon the differences between the various systems
and relate them to some sequent systems for E.

1 Extant systems for E

Anderson and Belnap’s Hilbert system for E, HE1, is the following.4

(E1) A→ A

(E2) (A→B)→ ((B→ C)→ (A→ C))

(E3) (A→B)→ ((C→ A)→ (C→B))

(E4) (A→ (A→B))→ (A→B)

(E5) ((A→ A)→B)→B

(E6) ((A→ A)→ A) & ((B→B)→B)→ ((A&B→ A&B)→ A&B)5

(E7) A&B→ A

(E8) A&B→B

(E9) (A→B) & (A→ C)→ (A→B&C)

(E10) A→ A ∨B

(E11) B→ A ∨B
4To cut down on parentheses, we will adopt the convention that negation binds more

tightly than conjunction and disjunction, which in turn bind more tightly than the condi-
tional.

5It is common, when discussing E, to abbreviate (A→A)→A as 2A. This axiom then
becomes 2A&2B→2(A&B).
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(E12) (A→ C) & (B→ C)→ (A ∨B→ C)

(E13) A& (B ∨ C)→ (A&B) ∨ (A&C)

(E14) ∼∼A→ A

(E15) (A→∼B)→ (B→∼A)

(E16) (A→∼A)→∼A

It has the following rules.

(R1) A,A→B⇒B

(R2) A,B⇒ A&B

They also give a Fitch system, FE, for E. For the Fitch systems, we will say
that the rank of a subproof is the number of assumption lines at the line
starting the subproof. The Fitch system FE has the following rules.

Hyp Start a new subproof headed by A{k}, where k is the rank of the sub-
proof started.

Rep Aa may be repeated in the same subproof, retaining its index.

Reit Aa may be repeated from a subproof of rank k into a subproof of rank
k + 1.

→E From A→Bb and Aa, to infer Ba∪b.

→I From a subproof of Bb on the hypothesis A{k} to infer A → Bb−{k},
provided k ∈ b.

&E From A&Ba, to infer Aa or Ba.

&I From Aa and Ba, to infer A&Ba.

∨I From Aa or Ba, to infer A ∨Ba.

∨E From A→ Cb, B→ Cb, and A ∨Ba, to infer Ca∪b.

Dist From A& (B ∨ C)a, to infer (A&B) ∨ (A&C)a.

∼∼E From ∼∼Aa, to infer Aa
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∼∼I From Aa, to infer ∼∼Aa

∼E From A→Bb and ∼Ba, to infer ∼Aa∪b

∼I From A→∼Aa, to infer ∼Aa

The rule of reiteration in FE is restricted so that only formulas of the form
B→ C can be reiterated into a subproof. Anderson and Belnap show that
FE has exactly the same theorems as HE1.6 We will use the notation `X A
to mean either that there is a proof of A∅ in the Fitch system X under the
scope of no hypotheses, or that there is a proof of A in the Hilbert system
X. In this notation, the claim above is that `FE A iff `HE1 A.7

The system FE differs from Anderson and Belnap’s Fitch system for R
only in the restriction on the rule of reiteration; in R, there are no restrictions
on the rule. To aid some of the later discussion, we will note that one obtains
a Hilbert system for R by replacing (E5) with (A→(B→C))→(B→(A→C)),
and one obtains a Hilbert system for T by dropping (E5) and (E6) entirely.8

An alternative Hilbert formulation of E, which we will call HE2, has been
studied in a few places. It was presented both by Fine [1974] and by Routley
et al. [1982, 290]. In HE2, the E axioms, (E5) and (E6) above, are dropped,
which, without augmentation would yield Anderson and Belnap’s relevant
logic T. In their place, a new rule, Rule Assertion, is added: A⇒(A→B)→B.
In short, HE2 takes as axioms (E1)–(E4) and (E7)–(E16) with rules (R1),
(R2), and Rule Assertion. Rule Assertion is equivalent, in this context, to the
rule δ, originally proposed by Ackermann: B,A→ (B→C)⇒A→C.9 The
rule δ is a rule of proof, requiring B to be a theorem of the logic. The system

6See Anderson [1960] and Anderson and Belnap [1975, 24-26,276-277]. In the context
of relevant logics, showing theorem equivalence for different systems has largely been the
focus, as illustrated by both the preceding and by Brady [1984]. We will follow this practice
here.

7 While this establishes the theorem correspondence of the two systems, one might
wonder about the relation of the more general consequence relations one gets from the
systems. We will return to this point briefly in §3. We would like to thank an anonymous
referee for raising the question.

8In the presence of the other axioms of E, (E5) is equivalent to (A→ ((B→C)→D))→
((B → C)→ (A→ D)), sometimes called restricted permutation, which is, as the name
suggests, a restricted form of the permutation axiom for R. See Anderson and Belnap
[1975, 75-77] or Bimbó [2006] for details.

9 See Robles [2013] for more on Rule Assertion, there called ‘Asser’, and Ackermann’s
rule δ.
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HE2 has the same theorems as HE1, but the two can differ when considering
admissible rules, extensions, or non-logical theories.10 There may be some
further philosophical differences between HE1 and HE2, as the latter takes
as primitive Rule Assertion, which is here deductively equivalent to δ. The
rule δ is criticized by Anderson and Belnap as violating the same strictures
as Ackermann’s rule γ, from A and ∼A∨B to infer B, namely that there is
not a theorem of E codifying the alleged entailment.11

To see that HE2 contains all the theorems of HE1, we need to show that
(E5) and (E6) are derivable in HE2. (E5) is immediate from Rule Assertion,
as `HE2 A→ A is a theorem, whence `HE2 ((A→ A)→ B)→ B. For (E6),
it is easiest to derive ((A→ A) & (B → B)→ C)→ C, which is equivalent,
given the rest of the axioms, to (E6).12 ((A→ A) & (B→ B)→ C)→ C is
obtained in much the same way as (E5). To establish that HE1 contains
all the theorems of HE2, we need to show that HE1 is closed under Rule
Assertion. This is easiest to do in FE, which has the same theorems as HE1.
Suppose `FE A. We then have the following, omitting the steps for the proof
of A∅ within the subproof.13

1 A→B{1} hyp

2 A∅ theorem

3 B{1} →E 1,2

4 (A→B)→B∅

Thus, if `FE A, then `FE (A→ B)→ B. In light of the equivalence on
theorems between FE and HE1, this yields that if `HE1 A, then `HE1 (A→
B)→B. Thus, Rule Assertion is admissible for HE1 and FE.

With those basics out of the way, let us turn to the new systems.

10See Méndez [2010] and Routley et al. [1982, 407ff.] for more on differences among
Hilbert-style axiomatizations of E.

11See Anderson and Belnap [1975, 74-75]. We thank an anonymous referee for pointing
this out.

Taking the rules δ and γ as primitive also creates issues for proving a deduction theorem.
For more on deduction theorems in relevant logic, see Brady [1993].

12See Anderson and Belnap [1975, §26.1].
13 This derivation illustrates the admissibility of Rule Assertion in FE and HE1. For

more on the distinction between admissible and derived rules in relevant logics, see Brady
[1994].
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2 Two more E systems

Brady [1984] provides natural deduction systems for a range of relevant logics,
using restrictions on indices appropriate to the target logic. The T restriction
will be the most important for our purposes. The T restriction applies to
the rules →E, ∨E, and ∼E, and it says that If b 6= ∅, then both a 6= ∅ and
max(b) ≤ max(a). We will present two systems for E that loosen the T
restriction in different ways. In neither system is there a restriction on the
reit rule.

The first system we will call FER.14 It is obtained from Brady’s system
for T by changing the T restriction to the ER restriction, where we set
max(∅) = 0:

• Either a = ∅ or if b 6= ∅, then both a 6= ∅ and max(b) ≤ max(a).

This is equivalent to the following:

• If b 6= ∅ and a 6= ∅, then max(b) ≤ max(a).15

The proof used above to show that the theorems of FE are closed under
Rule Assertion can be repeated in FER to see that its theorems are closed
under the rule as well. The crucial→E step at line 3 obeys the ER restriction.
Combining this with the fact that HE1 and HE2 agree on theorems, yields
the following.

Theorem 1. If `HE2 A, then `FER A.

When a 6= ∅, the rules match those of T. The addition of Rule Assertion
to the axioms and rules of T yields HE2, which has the same theorems as
HE1. To see that FER yields exactly E, we convert FER proofs to HE2
proofs using the quasi-proof method, as in Brady [1984].16 To make the
present paper more self-contained, we will briefly describe the quasi-proof
method. Given a Fitch proof, one converts an innermost subproof, headed
by a hyp step of the form A{k} into a sequence of formulas, by replacing
the formulas on each line, Ba, with either A→ Ba−{k} or Ba, depending on
whether k ∈ a or k 6∈ a. This occurs in its immediate superproof, thus

14The ‘R’ is for ‘Rule Assertion’.
15This condition was given in Brady [2003, 201].
16The quasi-proof method goes back to Anderson [1960] and Anderson and Belnap [1975,

24-26].
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eliminating this innermost subproof. One then shows that each line of the
replaced subproof can be obtained using theorems of the system, i.e. formulas
with empty subscripts, and the other rules of the system. The end result of
repeated applications of this procedure is a sequence of formulas, without
any subproofs, that forms a proof in the target Hilbert system. Let us turn
now to the theorem and proof.

Theorem 2. If `FER A, then `HE2 A.

Proof. The proof is largely the same as the proof of Brady [1984] that Fitch
proofs of T theorems can be converted to Hilbert proofs of T theorems.
To see this, note that instances of the rules →E,∨E, and ∼E satisfying the
second disjunct of the ER restriction satisfy Brady’s T restriction, so Brady’s
argument works for such instances. Since the same argument works here, we
will omit those steps.

There are additional cases to consider, one for each rule appearing in the
ER restriction. We will present just the cases in which a = ∅.

→E Suppose that Db comes from C→Db and C∅ by→E. If k ∈ b, then A→
(C→D)b−{k} and C∅ are derivable. By Rule Assertion, (C→D)→D∅
is derivable, from which A→Db−{k} follows.

If k 6∈ b, then by Rule Assertion, (C →D)→D∅ is derivable, whence
Db by →E.

∨E Suppose that A→ Cb, B→ Cb, and A ∨B∅ are derivable. If k ∈ b, then
D→ (A→ C)b−{k} and D→ (B→ C)b−{k} are derivable. By (E9) and
(E12), it follows that D→ (A∨B→C)b−{k} is derivable. Since A∨B∅
is derivable, so is (A∨B→C)→C∅, by Rule Assertion. By reasoning
similar to the →E case, we obtain D→ Cb−{k}, as desired.

If k 6∈ b, then by &I and (E12), it follows that A∨B→Cb is derivable.
By Rule Assertion, (A∨B→C)→C∅ is derivable, from which we obtain
Cb by →E.

∼E Suppose that ∼Cb comes from C → Db and ∼D∅ by ∼E. If k ∈ b,
then A→ (C → D)b−{k} and ∼D∅ are derivable. By Rule Assertion,
(∼D → ∼C) → ∼C∅ is derivable. Since (C → D) → (∼D → ∼C)∅
is derivable, using (E3), one can obtain A→ (∼D → ∼C)b−{k}. An
appropriate instance of (E3) then yields A→∼Cb−{k}, as desired.
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If k 6∈ b, then by Rule Assertion, (∼D→∼C)→∼C∅ is derivable. Since
(C →D)→ (∼D→∼C)∅ is derivable, (E2), (E3) and →E yield ∼Cb,
which was to be proved.

We conclude that if `FER A, then `HE2 A.

FER, while a theorem-wise adequate system for HE2, and so HE1, does
not permit all the FE derivations of E theorems. For example, the following
is a derivation in FE that is not one in FER.17

1 A→B{1} hyp

2 (A→B)→ C{2} hyp

3 A→B{1} reit 1

4 C{1,2} →E 2,3

5 ((A→B)→ C)→ C{1} →I 2-4

6 (A→B)→ (((A→B)→ C)→ C)∅ →I 1-5

The →E rule of line 4 violates the ER condition. The final line of the proof
is a theorem of E, and so of FER, but the FER derivation must be more
roundabout than the one above. One could, instead, derive in FER the
axioms of HE2 used in a HE2 derivation of the final line and then string
them together appropriately using the rules of FER.

The proof of theorem 2 shows, we think, that FER has an affinity with
HE2. It is plausible that another natural deduction system may be had
with something closer to the spirit of FE. The restriction on reit in FE is
supposed to capture the strong modal force of the arrow of E, matching the
restriction on reit in Anderson and Belnap’s Fitch system for the S4 strict
conditional.18 We will unpack the restriction on the structural rule of reit
using an idea based on the treatment of S4 natural deduction by Prawitz.19

We will define a class of modal formulas to which the T restriction does not

17This proof is, in fact, a normal proof. Further discussion of normality and normaliza-
tion will appear in §3.

18Anderson and Belnap [1975, 14-17,23]
19See, in particular, Prawitz [1965, 76-80] for the discussion of essentially modal formu-

las.
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apply. We propose the following system, FEM, for which we need to define
some terminology.20 Let the E-modal formulas be defined as follows.

• If A has the form B→ C, then A is E-modal.21

• If A is E-modal, then ∼∼A is E-modal.

• If A and B are E-modal, then A&B and A ∨B are E-modal.

• If A and B are E-modal, then ∼(∼A ∨ ∼B) and ∼(∼A&∼B) are
E-modal.

• Nothing else is E-modal.

Prawitz’s essentially modal formulas are of the form 2A, and conjunctions
and disjunctions of essentially modal formulas. Similarly, we take condi-
tionals to be E-modal, as well as conjunctions and disjunctions of E-modal
formulas, and their de Morgan combinations and double negations.

It is worth noting that the set of E-modal formulas is not closed under
logical equivalence, as p→p is E-modal but (p→p) & ((p→p)∨q) is not; the
latter formula’s second conjunct is not E-modal. Still, the E-modal formulas
have some nice features that we will bring out. Say that a formula A is a
necessitive iff A→ 2A is a theorem of E.22 All the E-modal formulas are
necessitives. Further, and technically more importantly, we can obtain a dis-
junctive normal form for E-modal formulas. We will continue the discussion
of the definition of E-modal formula in the next section.

With that definition in hand, we can present the EM restriction, which
replaces the ER restriction. The EM restriction governs the →E, ∨E and
∼E rules, in which the formulas A, A ∨ B, and ∼B are, respectively, the
minor premises.

• Either the minor premise is E-modal or if b 6= ∅, then both a 6= ∅ and
max(b) ≤ max(a).

20The ‘M’ is for ‘Modal’.
21The Ackermann constant t is important in the study of relevant logics. Although not

included in our discussion so far, we note that the addition the Ackermann constant to the
language can easily be accommodated in FEM: One adds a base case to the definition of
E-modal formula saying that t is E-modal. We will return to the Ackerman constant in
§3.

22See Anderson and Belnap [1975, 36] for more on necessitives. We would like to thank
an anonymous referee for drawing our attention to this term.
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The previous derivation, unavailable in FER is an FEM derivation.
We will show that FEM and HE1 agree on theorems, starting with the

easier of the two parts.

Theorem 3. If `HE1 A, then `FEM A.

The proof is mostly straightforward, although we will show how to derive
(E5) and (E6). The following derivation covers (E5).

1 (A→ A)→B{1} hyp

2 A{2} hyp

3 A→ A∅ →I 2− 2

4 B{1} →E 1, 3

5 ((A→ A)→B)→B∅

The →E step at line 4 obeys the EM restriction, as line 3 is E-modal.
The derivation of (E6) is slightly more involved, as a straightforward proof

strategy would violate the EM restriction. We will first derive a theorem of
FEM that will be used to obtain (E6), omitting a reit step.

1 C→ ((A→ A) & (B→B)→D){1} hyp

2 (A→ A) & (B→B){2} hyp

3 C{3} hyp

4 C→ ((A→ A) & (B→B)→D){1} reit 1

5 (A→ A) & (B→B)→D{1,3} →E 3, 4

6 (A→ A) & (B→B){2} reit 2

7 D{1,2,3} →E 5, 6

8 C→D{1,2} →I 3− 7

9 (A→ A) & (B→B)→ (C→D){1} →I 2− 8

It then follows that

`FEM (C→ ((A→A) & (B→B)→D))→ ((A→A) & (B→B)→ (C→D)).
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Note that the →E step at line 7 uses the modal part of the EM restriction.
Axiom (E6) can then be obtained as follows, omitting a few steps for brevity.

1 ((A→ A)→ A) & ((B→B)→B){1} hyp

2 A&B→ A&B{2} hyp

3 (A→ A) & (B→B){3} hyp

4 (A→ A)→ A{1} &E 1

5 (B→B)→B{1} &E 1

6 A→ A{3} &E 3

7 B→B{3} &E 3

8 A{1,3} →E 4, 6

9 B{1,3} →E 5, 7

10 A&B{1,3} &I 8, 9

11 A&B{1,2,3} →E 2, 10

12 (A→ A) & (B→B)→ A&B{1,2} →I 3− 11

13 (A&B→ A&B)→ ((A→ A) & (B→B)→ A&B){1} →I 2− 12

14 (A→ A) & (B→B)→ ((A&B→ A&B)→ A&B){1} theorem, →E

15 (A→ A) & (B→B)∅ theorem

16 (A&B→ A&B)→ A&B{1} →E 14, 15

17 ((A→ A)→ A) & ((B→B)→B)→ ((A&B→ A&B)→ A&B)∅ →I 1− 16

The modal part of the EM restriction is used in the →E rule at line 16 and
in the derivation of the theorem appealed to at line 14.

As with FER, the proof that the theorems of FEM can all be derived
in HE1 proceeds via the quasi-proof method. We will present the details
of the FEM cases only where the first disjunct is applicable, namely when
dealing with E-modal formulas. The cases in which the other disjunct applies
proceed as the cases for the logic T in Brady [1984]. First we state two lemmas
concerning HE1.
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Lemma 1. If `HE1 C↔D, where D is D1 & . . . &Dn and each Di is Ei→F i,
then `HE1 (A→ (C→B))→ (C→ (A→B)).

Proof. This is easiest to see using Anderson and Belnap’s FE and its theorem
equivalence with HE1. Suppose that C↔D∅ is derivable, whereD is as above.
The proof is as follows, omitting the steps used in the derivation of C ↔ D∅.

1 (A→ (C→B)){1} hyp

2 C{2} hyp

3 C↔D∅

4 D{2} →E 2,3

5 D1
{2} &E 4

...

n+4 Dn
{2} &E 4

n+5 A{3} hyp

n+6 D1
{2} reit 5

...

m Dn
{2} reit n+4

m+1 D{2} &I n+6,. . . ,m

m+2 C↔D∅

m+3 C{2} →E m+1, m+2

m+4 A→ (C→B){1} reit 1

m+5 C→B{1,3} →E n+5, m+4

m+6 B{1,2,3} →E m+3, m+5

It then follows that (A→ (C→B))→ (C→ (A→B))∅ is derivable in FE, so
`HE1 (A→ (C→B))→ (C→ (A→B))∅.

Lemma 2. If `HE1 (C ↔ D), where D is D1 ∨ . . . ∨ Dn and each Di is
Ei,1 & . . . &Ei,mi, where each Ei,j is of the form F → G, then `HE1 (A→
(C→B))→ (C→ (A→B)).
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Proof. As in the proof of lemma 1, this is easiest to prove by appeal to
FE. We will present the case in which n = 2,mi = 1, as the generalization
for n is straightforward, albeit cumbersome, and the generalization for mi

is obtained using lemma 1 and inserting a few steps, such as &I into the
following derivation sketch. Suppose that C ↔ D∅ is derivable, with D as
above. Then we have the following derivation sketch, where the subproof
headed by Di is duplicated, replacing i with 1 in one copy and with 2, etc.
in the others. We also omit a few obvious steps.

A→ (C→B){1} hyp

C{2} hyp

C↔D∅

D{2} →E 2, 3

Di
{3} hyp

Ei,1
{3} &E

A{4} hyp

A→ (C→B){1} reit

(C→B){1,4} →E

Ei,1
{3} reit

D{3} ∨I

C↔D∅

C{3} →E

B{1,3,4} →E

A→B{1,3} →I

Di→ (A→B){1} →I

A→B{1,2} ∨E

C→ (A→B){1} →I

An application of →I yields `FE (A→ (C → B))→ (C → (A→ B)), which
implies `HE1 (A→ (C→B))→ (C→ (A→B)).
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Next, we turn to the normal form for E-modal formulas. Say that a
formula B is a disjunctive normal form of a E-modal formula A iff A↔ B
is a theorem of HE1, B is of the form D1 ∨ . . . ∨ Dn, where each Di is of
the form C1 & . . . &Cm, where each Ci is of the form E→ F , and each Ci

occurs in A. Note that a disjunctive normal form of a E-modal formula is
itself E-modal.

Lemma 3. Suppose A is E-modal. Then there is a B that is a disjunctive
normal form of A.

Proof. The proof is essentially the same as that sketched by Anderson and
Belnap [1975, 156-157], treating conditional formulas as atoms. Note that
negations, not in the scope of conditionals, can always be eliminated in E-
modal formulas, as all outermost conditionals occur under an even number
of negations.

Putting these lemmas together, we get the following permutation princi-
ple.

Lemma 4. If C is E-modal, then `HE1 (A→ (C→B))→ (C→ (A→B)).

Proof. Let C be E-modal. Apply lemma 3 to get an equivalent formula in
disjunctive normal form. Apply lemma 2 and then use the normal form
equivalence again.

With that lemma in hand, we proceed to the part of the proof showing
how to turn proofs of theorems in FEM into proofs of theorems in HE1.

Theorem 4. If `FEM A, then `HE1 A.

Proof. The proof proceeds via the quasi-proof method in much the same way
as used for the corresponding claim for FER, except here we use HE1 rather
than HE2. We present only the new cases here, namely those in which the
first disjunct of the EM condition is operative.

→E Suppose that Da∪b comes from C→Db and Ca by→E. There are cases
depending on whether k ∈ a or k ∈ b.
Suppose that k ∈ a and k ∈ b. Then we are in a case covered by the
proof of Brady [1984], and we are done.

Suppose that k 6∈ a and k ∈ b. Then k = max(b). By the induction
hypothesis, A → (C → D)b−{k} and Ca are derivable. As max(b) >
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max(a), C must be E-modal, so we can apply lemma 4 to obtain C→
(A→D)b−{k}, from which we obtain A→Da∪(b−{k}) by →E.

Suppose k ∈ a and k 6∈ b. Then k = max(a), and so we are in a case
covered by Brady’s proof.

Suppose k 6∈ a and k 6∈ b. If b 6= ∅ and max(b) < max(a), the case will
be covered by Brady’s proof, so suppose b 6= ∅ but max(b) > max(a).
Then C → Db and Ca are derivable and the first disjunct of the EM
restriction applies. As C is E-modal, we can apply→E to obtain Da∪b,
as desired.

∼E The subcases for this case are similar to those of →E. Suppose that
∼Ca∪b comes from C→Db and ∼Da by ∼E. We will present the cases
not covered by Brady’s proof.

Suppose that k 6∈ a and k ∈ b. Then k = max(b). By the induction
hypothesis, A→ (C → D)b−{k} and ∼Da are derivable. From the E
theorem (C → D)→ (∼D→∼C)∅ and (E3), we obtain A→ (∼D→
∼C)b−{k}. As max(b) > max(a), ∼D must be E-modal, so we can
apply lemma 4 to obtain ∼D→ (A→∼C)b−{k}, from which we obtain
A→∼Ca∪(b−{k}) by →E.

Suppose k 6∈ a and k 6∈ b. As in the [→E] case, if b 6= ∅ and max(b) <
max(a), then we are covered by Brady’s proof, so suppose b 6= ∅ but
max(b) > max(a). Then C → Db and ∼Da are derivable. Since the
first disjunct of the EM restriction applies, ∼D is E-modal, so we can
apply →E to obtain ∼Ca∪b, as desired.

∨E The subcases for this case are also similar to those for→E. Suppose that
Da∪b comes from C→Db, B→Db, and B ∨Ca by ∨E. We will present
the subcases not covered by Brady’s proof.

Suppose that k 6∈ a and k ∈ b. Then B ∨ Ca is E-modal. By the
inductive hypothesis, A→(C→D)b−{k}, A→(B→D)b−{k} are derivable.
From (E9), A→ (B→D) & (C→D)b−{k} is derivable. Using (E2) and
(E12), A→ (B ∨ C →D)b−{k} is derivable. Lemma 4 yields B ∨ C →
(A→D)b−{k}, from which we get A→Da∪(b−{k}) using the minor premiss
with →E.

Suppose k 6∈ a and k 6∈ b. Further, suppose b 6= ∅ but max(b) > max(a).
B∨Ca is E-modal, so ∨E can be used with the major premises to obtain
the desired conclusion, Da∪b.

15



We conclude that if `FEM A, then `HE1 A.

We will now make some comments on the systems, including the extension
of the definition of ‘E-modal’ to include certain formulas with negation and
disjunction.

3 Discussion

Both systems FER and FEM are adequate natural deduction proof systems
for E, in the sense of theorem equivalence. They differ, however, in their
proofs. One example of their disagreement was noted above, where an FEM
proof was not an FER proof. An example of an FER proof that is not
an FEM proof can be constructed as follows, omitting the derivation of a
theorem.

1 p ∨ ∼p→ q{1} hyp

2 p ∨ ∼p∅ theorem

3 q{1} →E 1,2

4 (p ∨ ∼p→ q)→ q∅ →I 1-3

The application of →E at line 3 is justified in FER, but not FEM, as the
minor premiss is not E-modal. An example of something that is a proof in
both FER and FEM but not in FE is the following.

1 p& (q→ q){1} hyp

2 q{2} hyp

3 p& (q→ q){1} reit 1

4 q→ q{1} &E 3

5 q{1,2} →E 2, 4

The reit step at line 3 violates the restriction of FE.
One bit of vocabulary that is natural to add to E is the Ackermann

constant, t, which expresses, roughly, the conjunction of all logical truths.
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If it is added to the language of HE1, then we add the following axiom and
rules to the system.23

(t1) (t→ A)→ A

(t2) A⇒ (t→ A)

(t3) t→ A⇒ A

The axiom (t1) can be seen as a t-analogue of (E5), with t replacing A→A.
The t form of (E6), by which we mean replacing all instances of (E1) by t, is
(t→A) & (t→B)→ (t→A&B), which is itself an instance of (E9). The rule
(t3) is redundant, being readily obtained from (t1) by modus ponens, but we
list it here as it reappears below. The addition of t to HE1 is conservative,
which is to say that if A does not contain t and is a theorem of HE1 with
the axioms for t, then A is a theorem of HE1.24

The natural deduction rules for t in FE are analogues of (t2) and (t3).

• From t→ A∅ to infer A∅

• From A∅ to infer t→ A∅

From these, one can obtain the rule permitting the insertion of t∅ on a line.
Nothing beyond these rules needs to be added to FER to accommodate t.
(E1) and (t3) suffice for the theoremhood of t, from which we can obtain (t1)
by Rule Assertion. For FEM, we need to add a base clause to the definition
of E-modal formula, namely that t counts as E-modal. Using the fact that,
under the extended definition, t is E-modal, we can obtain A{1} from the
assumption t→ A{1} and t∅. We bring up t for the role that it has in some
sequent systems for E, to which we now turn.

There are several sequent systems out there for E→, some with t and
some without.25 Two that we will comment upon are the systems of Bimbó
[2007] and Anderson and Belnap [1975, §7.3].26 Both of these systems have
the virtue of being cut-free, in the sense that any sequent provable in the

23Anderson et al. [1992, xxv]. Rather than (t1), Bimbó [2006, 780] gives a particular
instance, (t→ t)→ t.

24See Routley et al. [1982, 354] for a model-theoretic proof.
25See, for example, Kripke [1959], Anderson and Belnap [1975, §7.3], Anderson et al.

[1992, §62], Kashima and Kamide [1999], and Bimbó [2007].
26The former has been extended to a system for positive E by Bimbó [2009].
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systems with the addition of the cut rule is provable in the systems without
the cut rule.27 Bimbó’s system uses sequents X ` A, where X is a groupoid
structure. The system uses the structural rules B′ and W, as well as the
following rules for t.28

X[A] ` B
(ťl `)

X[t;A] ` B
X[A; t] ` B

(t̂r `)
X[A] ` B

The proof of (E5) uses the special rule on t.

A ` A
(` →)

t ` A→ A B ` B
(→ `)

(A→ A)→B; t ` B
(t̂r `)

(A→ A)→B ` B
(ťl `)

t; ((A→ A)→B) ` B
(` →)

t ` ((A→ A)→B)→B

A possible connection between FER and Bimbó’s system is suggested by
their treatment of theorems. In Bimbó’s system theorems are sequents of
the form t ` A. The use of a theorem in the left introduction rule for arrow
brings with it the constant t, which is then removed with the rule (t̂r `).
Theorems are similarly accorded a special status by FER, as it permits free
use of →E with a theorem as minor premiss, and in HE2. Since the left
rules of a sequent system generally correspond to the elimination rules of
a natural deduction system, provided cut is admissible, the combination of
the left arrow rule and (t̂r `) bears an affinity to the theorem disjunct of
the ER restriction, at least when considering just the arrow fragment. The
combination of those rules are used in the following derivation showing the
admissibility of Rule Assertion.

t ` A B ` B
(→ `)

(A→B); t ` B
(t̂r `)

A→B ` B
(ťl `)

t;A→B ` B
(` →)

t ` (A→B)→B
27The formulation of cut in each of these systems is slightly different. See their respective

references for details.
28For more on the right-most rule, see Bimbó [2015, 174-176].

18



The other sequent system for E→ that we will comment on is the merge
system of Anderson and Belnap [1975, §7.3]. In this system, sequents are
of the form X ` A, where X is a sequence, which may be empty, and the
Ackermann constant t is not in the language. The system has the structural
rule of contraction but neither permutation nor weakening. Permutation is,
instead, built into the left introduction rule for the arrow,

X, Y ` A U,B, V ` C
(→ `)

µ(X,U,A→B), Y, V ` C

where µ(X,U,A→B) is a merge of the sequences X,U , and 〈A→B〉, namely
any sequence containing the members of X, the members of U , and A→ B
in a way that the internal order of X and U is preserved on their members.29

The merge formulation permits A→ B to be shuffled left past members of
X and U , if any.

The arrow fragment of the Fitch system FE has a natural affinity with
the merge sequent system. The reit rule of FE can be used to obtain the
restricted sort of permutation allowed by (→ `). Suppose that one has a
proof of Da in FE, with the ordered hypotheses A1, . . . , An, where, say, Aj

{kj}
is of the form B→ C.30 One can, then, obtain a new proof of Da from the
same hypotheses, except that Aj may appear earlier in the order of Ais. As
a simple example, suppose Aj is moved to the start of the list of hypotheses.
Then start a new proof with hypothesis Aj, followed by the steps of the initial
proof up until, but not including, the line assuming Aj

kj
. Using repeated reits,

Aj
1 is moved to the subproof headed by Aj−1

kj
and the steps of the original

proof, apart from the assumption of Aj are repeated. The result will be a
proof of Da with the reordered assumptions.

Speaking somewhat loosely, we might say that Bimbó’s system has a the-
orem focus, whereas Anderson and Belnap’s merge system has a permutation
focus. Although the system FEM does not place a restriction on the use of
reit, the use of →E on a minor premiss obtained via reit in the arrow frag-
ment of FEM will require that the minor premiss be an arrow formula, just
as with FE. This gives FEM some of the permutation focus that FE has.
The additional rule of FER gives it a theorem focus. A natural question is

29Additionally, either Y must be non-empty or A must be of the form D → E. See
Anderson and Belnap [1975, 57-58] for details.

30We are suppressing the indices on the hypotheses to make the statement to follow
simpler.
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whether any concrete translation can be had between FER and Bimbó’s sys-
tem based on their distinguished treatment of theorems, either in the arrow
fragment or the positive fragment.

Let us turn, briefly, to the issue of normal proofs. Normal proofs are
proofs that do not introduce a connective (or quantifier) and then use it as
the major premiss in an elimination rule.31 For example, the proof above that
is a proof in FER and FEM but not FE is a normal proof. A proof that
introduces a conditional formula and then uses it as the major premiss of→E
would not be a normal proof. It is generally desirable to show that a natural
deduction presentation of a logic can be normalized, where each proof can be
replaced by a normal proof. Decidability usually follows from normalization.
However, the logic E is undecidable.32 Also, in Brady’s unpublished work
on normalizing relevant logics, the logic E goes beyond the techniques used
to prove normalization (and decidability) of a range of relevant logics.33 A
natural question, which we will leave open, is whether FER or FEM admit
normalization procedures for their fragments.

Finally, we offer some comments on the definition of E-modal formulas.
It would suffice, for the derivability of E theorems, to take the E-modal
formulas to be just the arrow formulas and conjunctions of them. This would
enable the derivation of (E5) and (E6), which could be used with the other
derivable axioms and rules to obtain all E theorems, albeit in a potentially
roundabout manner. One might think that the E-modal formulas should
only be the arrow formulas, as Anderson and Belnap restricted reit to apply
only to arrow formulas. This, however, insufficiently appreciates the effects
of reit in combination with other rules. The system FEM can be viewed as a
step towards unpacking the contribution of the structural restriction on reit
in Anderson and Belnap’s FE.34 Furthermore, defining E-modal formulas
to include only conjunctions of arrow formulas would not permit certain

31See Prawitz [1965, Ch. 3-4] for more on normal proofs, albeit in the context of tree-
style natural deduction systems. Normal proofs are not usually studied in the context of
Fitch systems. For exceptions to this, see Fitch [1952, §20] and Brady [2006].

32See Urquhart [1984] for a proof that the relevant logics E, R, and T are undecidable.
33See Brady [2006] for normalization of relevant logics.
34See Mares and Standefer [2017] for a way of understanding the interaction of reit and

the subproof structure that motivates some logics related to E.
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straightforward proofs, such as the following example of a proof in FE.

1 A→B{1} hyp

2 ∼∼(A→B)→ C{2} hyp

3 A→B{1} reit 1

4 ∼∼(A→B){1} ∼∼I 3

5 C{1,2} →E 2,4

6 ∼∼(A→B)→ C→ C{1} →I 2-5

7 (A→B)→ (∼∼(A→B)→ C→ C)∅ →I 1-6

The application of →E at line 5 would not be acceptable in FEM if the
definition of E-modal formula were restricted to just conjunctions of arrow
formulas.

The Fitch system FER corresponds naturally with the Hilbert system
HE2, whereas FEM corresponds naturally with Anderson and Belnap’s HE1.
The systems HE1, HE2, and FE agree on theorems. Thus, FE, FER and
FEM also coincide on theorems, but they offer different views on proofs.
While we have focused on theorem-wise equivalence, there is work to be done
on the more general consequence relations to which the different systems give
rise.
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